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The multiplicity, finite system size and collision energy dependencies of heat capacity (CV ), con-
formal symmetry breaking measure (CSBM) and speed of sound (cs) have been investigated using
ALICE data for p+ p collisions at
√
s = 7 TeV. The aim of this study is to ascertain the possibil-
ity of formation of a thermalized medium in such collisions. We find that there is a threshold in
charged particle multiplicity beyond which CV , CSBM and cs attain plateau. The presence of such
threshold in multiplicity is further reflected in the variation of these quantities with center-of-mass
energy (
√
sNN ). In order to have a grasp on experimentally obtained results, variation of 〈pT 〉 with
multiplicity has also been studied. The experimental results have been contrasted with PYTHIA8
and it is found that PYTHIA8 is inadequate to explain the features reflected in these quantities,
thereby indicating the possibility of thermalization in such small system. It is also observed that the
finite size effects alone cannot explain the non-extensive nature of particle spectra in p+p collisions.
PACS numbers:
I. INTRODUCTION
One of the main goals of relativistic heavy ion colli-
sion experiments (RHICE) is to create and characterize
quark gluon plasma (QGP). QGP is a deconfined state of
quarks and gluons which can be realized at high density
and temperature. It is expected that such high density
and temperature can be created by colliding nuclei at rel-
ativistic energies. The properties of QGP are governed
by its constituents, the quarks and gluons. QGP may
exists in the naturally occurring systems e.g. in the core
of compact astrophysical objects, like neutron stars. The
universe might have undergone a transition from QGP
to hadrons after a few micro-seconds of the Big Bang.
Therefore, the study of QGP is not only important for
understanding QCD in medium but for astrophysics and
cosmology [1], as well.
The characterization of QGP (i.e, determination of its
equation of state, transport properties etc.) can be done
by analyzing experimental data with the help of theo-
retical models. But the applicability of these theoretical
models relies on certain assumptions. For example, rela-
tivistic dissipative hydrodynamics [2] can be used to ana-
lyze experimental data on anisotropic flow for the estima-
tion of the viscous coefficients of QGP. Currently, it is not
possible to prove from the first principle that the system
produced in RHICE has achieved thermal equilibrium.
Therefore, the study on the validity of the assumption
of local thermalization (and hence applicability of hydro-
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dynamics) with the help of experimental data becomes
important. The success of the hydrodynamical model
depends on the understanding of the initial conditions
and equation of state required to solve the hydrodynamic
equations.
However, the assumption for the formation of partonic
medium in RHICE is justified by experimental observa-
tions such as non-zero collective flow [3], suppression
of J/ψ yield [4], enhancement of strangeness [5], sup-
pression of high-pT hadrons [6], etc. These observations
have been attributed to the formation of hot and dense
medium which hydrodynamically evolves in space and
time. In such analysis, the experimental data from p+ p
collisions have been used as bench mark with the assump-
tion that no partonic medium is formed in such collisions.
The magnitude of the flow, the amount of suppression of
J/ψ or enhancements of strangeness in RHICE have been
used for characterization of the QGP medium. But the
assumption that such partonic medium is not produced
in p+p collisions - may act as source of ambiguity for the
characterization of the system formed in RHICE. There-
fore, it is crucial to address the issue of the formation of
QCD medium in p + p collisions for characterization of
systems formed in RHICE.
The formation of locally thermalized partonic medium
is conjectured from the fact that the hydrodynamic mod-
eling of RHICE can explain the anisotropic flow which
has been correlated with the collective evolution. The hy-
drodynamic model has been used to extract viscous coef-
ficients of QGP. However, presence of any effect that can
mimic the nature of anisotropy would give wrong estima-
tion of these quantities. This possibility gets more weight
as small systems formed in high multiplicity p + p colli-
sions show such nature through the long range “ridge” in
two particle azimuthal correlations with a large pseudo-
rapidity separation [7–12], which is interpreted as exclu-
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2sive sign of collectivity. However, it is shown that non-
medium effects can explain the features [13].
For characterizing QGP formed in RHICE accurately
an appropriate benchmark is required. In this regards,
it is important to understand the role of the number
of constituents for the formation of the QCD medium.
The system produced in p + p collisions serve as a plat-
form to address such questions. The multiplicity serves
as a proxy to the number of constituents in a system
formed in p + p collisions. Thermalization in small sys-
tems formed in relativistic ion collisions was studied in
1953 by Landau [14] and in 1982, van Hove addressed
the topic of thermalization and hadron to QGP phase
transition in proton-antiproton collisions using variation
of average transverse momentum with multiplicity [15].
To this end, we investigate how some of the markers of
thermalization e.g. the thermodynamic quantities like,
CV , CSBM and cs for small system vary with the mul-
tiplicity, size and collision energy. The quantities like
CV , cs and CSBM have been chosen because CV is one
of the most basic and commonly used quantities which
records the response of the system subjected to temper-
ature stimulus. Similarly, cs provides the information on
the equation of state of a thermal medium and CSBM
gives the interaction measure of the system. We have
also studied the variation of average transverse momen-
tum (< pT >) of the hadrons with multiplicity which is a
measure of temperature for a thermal system. As there is
no way to directly probe the partonic phase produced in
such collisions, the spectra of produced hadrons are used
to gain insight about the possible partonic phase. The
ALICE data for p+p collisions at
√
s = 7 TeV have been
used to extract CV , CSBM and cs and the results have
been contrasted with theoretical models e.g. PYTHIA8
which does not include medium effects. The analysis us-
ing PYTHIA8 shows some degree of success in explaining
some of the observations made in p + p and p+Pb colli-
sions, such as saturation of mean transverse momentum
(〈pT 〉) of J/ψ [16, 17] and that of charged particles [18],
as a function of charged particle multiplicity [19].
Though variation of heat capacity with collision energy
has been investigated [20, 21] through temperature fluc-
tuations for systems formed in RHICE, we are not aware
of any studies in the literature similar to the present
one for small systems formed in p+p collisions for un-
derstanding the QCD thermodynamics.
The paper is organized as follows. Formalism used in
this work has been presented in section II. Section III is
devoted to discuss the methodology used for event gen-
eration in PYTHIA8. Results and discussions are pre-
sented in section IV and section V has been dedicated
for summary.
II. FORMALISM
We assume that the system formed in p+p collisions at
LHC energies has negligible baryonic chemical potential
(µ). The entropy density (s), heat capacity (CV ) and
squared speed of sound (c2s) for a system with vanishing
baryonic chemical potential can be written as:
s =
(
∂P
∂T
)
V
, (1)
CV =
(
∂
∂T
)
V
, (2)
c2s =
(
∂P
∂
)
s
= s/CV , (3)
where V and T stand for volume and temperature of the
system, respectively.
These thermodynamic quantities could be estimated
from the moments of the momentum distribution of
hadrons. At kinetic freeze-out, the momentum distri-
bution of the final state particles is frozen, and the pT
spectra of hadrons at the freeze-out are well explained by
Tsallis non-extensive statistics [22–24]. Although a first
principle derivation of non-extensivity from kinetic the-
ory is not yet available, the theoretical function which is
used to estimate the total yield by various experiments
is the Tsallis-Boltzmann (TB) distribution function.
TB distribution function can be used to describe the pT
spectra of identified particles produced in p+ p collisions
and extract thermodynamical parameters, like T and q
[called the non-extensive parameter and it is a measure of
degree of deviation from Gibbs-Boltzmann (GB) statis-
tics] of the system at the decoupling point. Then using
these values of T and q one can calculate the thermody-
namic quantities given in Eqs. 1-3. The TB distribution
is given by:
fT (E) ≡ 1
expq(
E−µ
T )
(4)
where,
expq(α) =
{
[1 + (q − 1)α] 1q−1 if α > 0
[1 + (1− q)α] 11−q if α ≤ 0 (5)
where α = E/T, E is the energy (E =
√
p2 +m2), p and
m are momentum and mass of the particle, respectively.
It is to be emphasized that the variable T appearing in
this formalism obeys the basic and fundamental thermo-
dynamic relations like (as well as Maxwell’s thermody-
namic relations)
T =
∂U
∂S
∣∣∣∣
N,V
, (6)
where, U is the internal thermal energy and hence, the
parameter T can be called a temperature, even though a
system obeys Tsallis and not Boltzmann-Gibbs statistics.
3In the present analysis we consider chemical potential
(µ) = 0 which is a good approximation at LHC energies.
Within the scope of non-extensive statistics, the math-
ematical form for the energy density (), pressure (P),
CV , CSBM, c
2
s and 〈pT 〉 are given by the following set of
equations. The expression for  reads:
 =
g
2pi2
∫
dpp2
√
(p2 +m2)
× [1 + (q − 1)
√
(p2 +m2)
T
]
−q
q−1 ,
(7)
where, g is the degeneracy factor.
Similarly the expression for pressure reads:
P =
g
2pi2
∫
dpp4
1
3
√
(p2 +m2)
× [1 + (q − 1)
√
(p2 +m2)
T
]
−q
q−1 ,
(8)
The expression for CV can be obtained from Eq. 7 as:
CV =
qg
2pi2T 2
∫
dpp2(p2 +m2)
× [1 + (q − 1)
√
(p2 +m2)
T
]
1−2q
q−1 ,
(9)
The dimensionless quantity ( − 3P )/T 4 (which is
a measure of conformal symmetry breaking or trace
anomaly) can be expressed as:
− 3P
T 4
=
g
2pi2T 4
∫
dpp2
√
(p2 +m2)
[1− p
2
(p2 +m2)
]
× [1 + (q − 1)
√
(p2 +m2)
T
]
−q
q−1 ,
(10)
The velocity of sound, cs in QGP is given by:
c2s =
gq
6pi2T 2
∫
dpp4 × [1 + (q−1)
√
(p2+m2)
T ]
1−2q
q−1
CV
(11)
and finally, the average transverse momentum, < pT >
can be estimated from the following expression:
〈pT 〉 =
∫
dpT p
2
T [1 + (q − 1)
√
(p2T+m
2)
T ]
−q
q−1∫
dpT pT [1 + (q − 1)
√
(p2T+m
2)
T ]
−q
q−1
. (12)
III. EVENT GENERATION AND ANALYSIS
METHODOLOGY
In order to make a comparative study, results obtained
in this work are compared with QCD-inspired model
PYTHIA8. This model is used to simulate the events
for the collisions of elementary particles like e±, p-p and
µ-µ at ultra-relativistic energies. It is completely coded
in C++ (in comparison to its predecessor PYTHIA6)
with introduction of new physics mechanisms like parton
distributions, hard and soft interactions, initial and final-
state parton showers, fragmentation, multipartonic inter-
actions, color reconnection, rope hadronization etc [25].
Detailed explanation on PYTHIA8 physics processes and
their implementation can be found in Ref.[26]. We have
used 8.215 version of PYTHIA, which includes multi-
partonic interaction (MPI). MPI is crucial to explain
the underlying events multiplicity distributions. Also,
this version includes color reconnection which mimics the
flow-like effects in pp collisions [27]. It should be worth
noting that PYTHIA8 does not have inbuilt thermaliza-
tion. However, as reported in Ref. [27], the color recon-
nection (CR) mechanism along with the multi-partonic
interactions (MPI) in PYTHIA8 produces the properties
which arise from thermalization of a system such as radial
flow and mass dependent rise of mean transverse momen-
tum. In PYTHIA model, a single string connecting two
partons follows the movement of the partonic endpoints
and this movement gives a common boost to the string
fragments (final state hadrons). With CR along with
MPI, two partons from independent hard scatterings can
reconnect and they increase the transverse boost. This
microscopic treatment of final state particle production is
quite successful in explaining the similar features which
arise from a macroscopic picture via hydrodynamical de-
scription of high-energy collisions. Thus, it is apparent
to say that the PYTHIA8 model with MPI and CR, has
plausible ability to produce the features of thermaliza-
tion.
QCD processes in PYTHIA8 are categorised as soft
and hard QCD processes, where production of heavy
quarks are included in the latter. We have simulated the
inelastic, non-diffractive component of the total cross-
section for all the soft QCD process (SoftQCD:all = on)
and included MPI based scheme of color reconnection
(ColorReconnection:reconnect =0). We have generated
100 million events with 4C tune (Tune:pp=5) [28], which
give sufficient statistics to obtain pT spectra even in high
multiplicity events. To check the compatibility of tunes
used in this work, we have compared simulated results ob-
tained from hard and soft QCD tune of PYTHIA8 with
the experimental data [29] as shown in Fig. 1. Here,
we have compared PYTHIA8 simulated data with AT-
LAS data [29] as at the time of this work, there is no
mini-biased ALICE data available for transverse momen-
tum distribution of charged particles in p + p collisions
at
√
s=7 TeV. The motivation to contrast the PYTHIA8
generated results with the experimental data is to show
that the soft processes fits the data reasonably well as
shown in Fig 1. This comparison makes it clear that
softQCD tune of the PYTHIA8 is suitable for the present
work.
The Tsallis distribution function at mid-rapidity with
4µ = 0 [30] is given as
1
pT
d2N
dpT dy
∣∣∣∣
y=0
=
gV mT
(2pi)2
[
1 + (q − 1)mT
T
]− qq−1
. (13)
where, V is the volume which acts a fitting parameter, pT
being the transverse momentum and mT =
√
p2T +m
2 is
the transverse mass. Mass-dependent differential freeze-
out scenario [31] of the particles are considered in this
analysis. Thus, particle freeze-out at different times will
leads to different system volumes and temperatures.
Now, we use Eq. 13 to fit the transverse momentum
spectra of pi±, K±, K∗0 + K∗0 and p + p from simu-
lated data at the mid-rapidity (|η| < 0.5) for different
charged-particle pseudorapidity densities (dNch/dη)(0 <
dNch/dη ≤ 2, 2 < dNch/dη ≤ 4, 4 < dNch/dη ≤ 8, 8
< dNch/dη ≤ 11, 11 < dNch/dη ≤ 14, 14 < dNch/dη ≤
18, 18 < dNch/dη ≤ 24) in p + p collisions at
√
s = 7
TeV. The fitting of the PYTHIA8 generated spectra by
TB distribution is displayed in Fig. 2. Figure 3 shows
the quality of fitting in terms of χ2/NDF as a function
of multiplicity. The values of χ2/NDF shows that the
quality of fitting is reasonably good for all the particles
under consideration at all multiplicity classes except for
p+ p at low multiplicity class.
Figures 4 and 5 show the comparison of the parame-
ters T and q extracted from the experimental data and
the PYTHIA8 generated results for different charge mul-
tiplicities [32]. Figure 4 shows that the temperature
parameter for pi± obtained from experimental data are
comparable to the PYTHIA8 simulated values in the low
multiplicity region but it becomes smaller in the higher
multiplicity region. For K∗0 + K∗0, experimental data
seem to have higher T than simulated data. However,
K± and p + p, simulated results clearly overestimates
the experimental data. Non-extensive parameter (q) as
shown in Fig. 5 seems to have comparable value within
uncertainties both for simulated results and experimental
data.
The freeze-out temperature in hadronic and heavy-ion
collisions should be species dependent because the inter-
action cross section of hadrons are different. This means
hadrons with smaller cross sections will escape the sys-
tem earlier than hadrons with larger interaction cross
sections. Hence, each hadron species will measure differ-
ent freeze-out temperature of the system analogous to the
cosmological scenario, where different particles go out of
equilibrium at different times during the evolution of the
universe. In this work, we have considered such a scenario
and have evaluated various thermodynamic quantities at
different decoupling points of final state particles from
the produced fireball.
With the detailed analysis methodology and (T, q) val-
ues obtained from PYTHIA8, we now move to estimate
the value of CV , CSBM, cs and < pT > by using Eqs. 9,
10, 11 and 12.
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FIG. 1: (Color online) The upper panel shows the comparison
of experimental data [29] and HardQCD and SoftQCD tunes
of PYTHIA8 for proton-proton collisions at
√
s = 7 TeV. The
black open circles are experimental data, red stars and blue
solid circles are PYTHIA8 (MC or Monte-Carlo) simulated
data with SoftQCD and HardQCD tunes, respectively. The
lower panel shows the ratio between PYTHIA8 and experi-
mental data for both softQCD and hardQCD cases.
IV. RESULTS AND DISCUSSIONS
The thermodynamic quantities, CV , CSBM, cs and
< pT > can be estimated by using Eq. 9, 10, 11, and
12 with the values of T and q extracted by parameter-
izing the pT spectra of identified hadrons using TB dis-
tribution. We note that a similar kind of approach has
been used to study the variation of CV with
√
sNN at
the freeze-out surfaces in the context of heavy-ion colli-
sions [20]. The ALICE data on the pT spectra originating
from p + p collisions at 7 TeV collision energy [33] have
been used to extract the values of T and q for each mul-
tiplicity in Ref. [32]. It is found that the values of T and
q depend on hadronic species hinting at different decou-
pling or freeze out temperature for different hadrons [31].
In general, the hadrons with higher inverse slope (of pT
spectra) is expected to come either from early stage or
suffer more transverse flow. In the present study, we con-
sider hadronic spectra of pion (pi±), kaon (K±), neutral
kstar (K∗0 +K∗0) and proton (p+ p).
The variation of CV , CV / < ni >, (where i=pi
±, K±,
K∗0 + K∗0 and p + p), CV /T 3, CV /( + P ), CSBM, c2s
and 〈pT 〉 with charged-particle pseudorapidity densities
(〈dNch/dη〉) at mid-rapidity have been considered. We
5 (GeV)
T
p
0 5 10 15 20
-
1
(G
eV
)
T
)dN
/dp
e
vt
(1/
N
6−10
2−10
210
-pi++pi
 (GeV)
T
p
0 5 10 15 20
-
1
(G
eV
)
T
)dN
/dp
e
vt
(1/
N
6−10
2−10
210
PYTHIA8 data pp@7TeV
<=2ch0<N <=4ch2<N
<=8ch4<N <=11ch8<N
<=14ch11<N <=18ch14<N
<=24ch18<N
-
+K+K
 (GeV)
T
p
0 5 10 15 20
-
1
(G
eV
)
T
)dN
/dp
e
vt
(1/
N
6−10
2−10
210
pp+
 (GeV)
T
p
0 5 10 15 20
-
1
(G
eV
)
T
)dN
/dp
e
vt
(1/
N
6−10
2−10
210
K*K*+
FIG. 2: (Color online) Fitting of PYTHIA8 generated pT-
spectra of pi±, K±, K∗0 +K∗0 and p+ p using Tsallis distri-
bution (Eq. 13) in various multiplicity classes at mid-rapidity
for p+p collisions at
√
s = 7 TeV. In the legend of the figure,
we have used a short notation Nch for 〈dNch/dη〉.
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FIG. 3: (Color online) χ2/NDF for pi±, K±, K∗0 +K∗0 and
p + p as a function of charged particle multiplicity classes
extracted using Tsallis distribution function given by Eq. 4.
have indicated the values of 〈dNch/dη〉 for different mul-
tiplicity classes in Table I. We also investigate whether
finite system size alone can account for non-extensivity
observed in the spectra. Here < ni > (in GeV
3) is the
number density of the ith hadrons obtained by integrat-
ing Eq. 4 over three momentum (number per unit vol-
ume) and (+P ) is enthalpy density. To have an insight,
we contrast the results with the PYTHIA8 simulated out-
puts under the same collision condition.
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FIG. 4: (Color online) Multiplicity dependence of T for p +
p collisions at
√
s = 7 TeV obtained by using Eq. 13 as a
fitting function for the PYTHIA8 simulated (solid markers)
and experimental data (open markers) [32].
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FIG. 5: (Color online) Multiplicity dependence of q for p+ p
collisions at
√
s=7 TeV obtained by using Eq. 13 as a fitting
function for the PYTHIA8 simulated (solid markers) and ex-
perimental data (open markers) [32].
A. Multiplicity dependence of heat capacity
As mentioned before, CV is one of the most fundamen-
tal quantities that gives the response of a thermal system
under the influence of temperature stimulus. Heat ca-
pacity of a system is the amount of heat energy required
to raise the temperature of the system by one unit. It
can be measured experimentally by measuring the energy
supplied to the system and resultant change in tempera-
6TABLE I: Average charged-particle pseudorapidity densities corresponding to different event multiplicity classes [33].
Class name Mul1 Mul2 Mul3 Mul4 Mul5 Mul6 Mul7 Mul8 Mul9 Mul10〈
dNch
dη
〉
21.3±0.6 16.5±0.5 13.5±0.4 11.5±0.3 10.1±0.3 8.45±0.25 6.72±0.21 5.40±0.17 3.90±0.14 2.26±0.12
ture. It gives the measure of how change in temperature
changes the entropy of a system (∆S =
∫
CV
T dT ). The
change in entropy is a good observable for studying the
phase transition. In the context of heavy ion collisions,
entropy can be connected to the rapidity (y) distribution
(dNdy ≈ dSdy ). Therefore, the heat capacity acts as bridging
observable for experimental measurement and theoretical
models, where change in entropy can be estimated.
The temperature is the measure of average randomized
kinetic energy of the constituents of a thermodynamic
system. If the constituents interact strongly then to make
the constituent having more randomized kinetic energy
(i.e. to increase the temperature) first sufficient heat en-
ergy should be supplied to overcome the ‘binding force’
caused by the interaction. In other words, the mechanism
of randomization to increase the temperature will require
supply of more heat energy for strongly interacting sys-
tem compared to that needed for the weakly interacting
system. That is heat energy supplied to the system will
not be entirely utilized to increase the temperature, some
amount will be used to weaken the binding. Therefore,
the increase in temperature in a strongly interacting sys-
tem will be less than a weakly interacting system for a
given amount of energy supplied to the system. Thus,
the heat capacity bears the effects of strength of inter-
action among constituents of the system and represents
the ease of randomization for the particular phase of the
matter. Therefore, for weakly interacting gas increase
of temperature has negligible effects on change in inter-
action strength and range. As a result its scaled value,
CV / < ni > will display a plateau. In general, if some
conditions cause changes in the strength of interaction,
then ease of randomization, and hence, the heat capacity
will change with that condition. This makes heat capac-
ity a good observable to study how correlation and ran-
domization competes over one another. Thus the study
of variation of heat with multiplicity in p + p collision
gives opportunities to better understand the randomiza-
tion and the strength of correlation change with number
of constituents in the QCD system.
The variation of CV with 〈dNch/dη〉 for pi±, K±,
K∗0 + K∗0 and p + p extracted from ALICE data has
been displayed in Fig. 6. The result has been contrasted
with the output obtained from PYTHIA8 simulated at
the same p + p colliding energy. It is observed that re-
sults from PYTHIA8 which do not contain medium ef-
fects differ from data. Also, it is noted that the heat
capacity increases with increase in multiplicity. If a ther-
malized medium is formed, then, in the ideal gas limit,
heat capacity varies linearly with number of particles
(CV ≈< ni >). From Fig. 6, it is evident that the lighter
particles like pi± and K± tend to show such proportional-
ity trends, however, the heavier particles like K∗0 +K∗0
and p+ p show deviation from such trend. This may be
due to the fact that heavier hadrons decouple from the
system earlier than the lighter hadrons in the course of
evolution.
Fig 7 depicts the variation of CV scaled by < ni >
extracted from ALICE data as well as PYTHIA8 as a
function of 〈dNch/dη〉 for pi±, K±, K∗0 +K∗0 and p+ p
of ALICE data and results from PYTHIA8. It is ob-
served that CV / < ni >, (where i=pi
±, K±, K∗0 + K∗0
and p+p) tends to saturate towards high multiplicity. It
is important to note that the pionic and kaonic matter
have similar value of specific heat. The observed satura-
tion in specific heat in its variation with multiplicity can
be attributed to the possibility of thermalization in the
system. We also notice that results from PYTHIA8 are
not in good agreement with ALICE data. Here < ni >
has a fractional value less than 1 with unit GeV3, this
makes the value of CV / < ni > greater than CV , as
evident from Fig 6 and Fig 7.
Fig. 8 shows the variation of CV (scaled by T
3) for pi±,
K±, K∗0+K∗0 and p+p with 〈dNch/dη〉 of ALICE data
and PYTHIA8 results. It is observed that CV /T
3 for pi±,
K±, K∗0 + K∗0 increases with multiplicity and appears
to saturate at around 〈dNch/dη〉 ≈ (4−6), whereas p+p
displays an increasing trend with 〈dNch/dη〉 without any
sign of saturation. This may be a hint to the fact that
lower mass particles like pi±, K± behave as weakly inter-
acting thermalized particles beyond certain multiplicity,
whereas heavier mass particles may not witness a ther-
malized medium. Here, also PYTHIA8 results are not in
good agreement with ALICE data.
Fluid dynmical equation in non-relativistic limit (Eu-
ler equation in the limit of small flow velocity (v) for
ideal fluid) can be written as: ( + P )∂~v/∂t = −~∇P ,
where ( + P ) is the enthalpy density. Comparison of
this equation with the non-relativistic classical mechan-
ical equation of a particle with velocity v moving in a
potential, φ: md~v/dt = −~∇φ, indicates that enthalpy
density plays the role of mass (inertia) in fluid dynamics.
Since enthalpy density, (+p), acts as inertia for change
in velocity for a fluid cell in thermal equilibrium, we dis-
play the change in CV scaled by enthalpy density as
a function of multiplicity in Fig 9. The saturation of
CV /( + p) and CV / < ni > in their variations with
multiplicity show an interesting nature in which, at the
saturation region, corresponding values for all the parti-
cle species tend to converge. This means that with the
increase in the number of particles in the system gov-
erned by QCD, the ease of randomization gets saturated.
This is expected when particles of all the species come
from a system which evolves collectivity with common
7interaction environment.
The effects of non-extensive parameter, q on heat ca-
pacity has been shown in Fig 10 through the ratio,
cv/cvq→1, where, cv = CV / < mini >, here, < mini >
is the mass density of the hadron. It may be men-
tioned that the CV is obtained here by fitting the TB
distribution to the ALICE data, therefore, CV depends
on q. From Fig 10, the ratio seems to saturates after
〈dNch/dη〉 ≈ (4 − 6) implying that new environment of
interaction is set-off after 〈dNch/dη〉 ≈ (4− 6), however,
the ratio does not approach unity except for K±. This
indicates that the system has not achieved the state to
be described by GB statistics.
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FIG. 6: (Color online) Heat capacity obtained using TB dis-
tribution as a function of multiplicity. Solid lines represent re-
sults obtained using ALICE data for p+p collisions at
√
s = 7
TeV. Dashed lines represent results obtained using PYTHIA8
simulated data for p+ p collisions at
√
s = 7 TeV.
B. Multiplicity dependence of CSBM, speed of
sound and mean transverse momentum
The speed of sound is a useful quantity which helps in
characterizing the nature of interaction in a system e.g.,
whether it is strongly interacting or not, or how much it
differs from ideal gas of massless particles. Interaction
can cause change in the effective mass of constituents,
thereby, changing the speed of sound in the medium.
CSBM gives the measure of deviation from masslessness
of the constituents (particle mass and temperature de-
pendence of CSBM for weakly interacting (ideal gas) sys-
tem is discussed in [34]). For massless particles, c2s = 1/3,
however for massive particles, c2s < 1/3. This is due to
the fact that the massive particles do not contribute to
the change in pressure as much as they contribute to the
change in energy of the system. Variation of these quan-
tities with multiplicity is expected to capture the change
in effective interaction among constituents with increase
in number of constituents. Also the variation of 〈pT 〉 of a
system with the number of constituents can capture the
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FIG. 7: (Color online) Heat capacity scaled by number density
obtained using TB distribution as a function of multiplicity.
Solid lines represent results obtained using ALICE data for
p+ p collisions at
√
s = 7 TeV. Dashed lines represent results
obtained using PYTHIA8 simulated data for p + p collisions
at
√
s = 7 TeV.
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FIG. 8: (Color online) Heat capacity scaled by temperature
of the system of respective multiplicity obtained using TB
distribution as a function of event multiplicity. Solid lines
represent results obtained using ALICE data for p + p colli-
sions at
√
s = 7 TeV. Dashed lines represent results obtained
using PYTHIA8 simulated data for p + p collisions at
√
s =
7 TeV.
onset of thermalization in the system.
Variation of CSBM, c2s and 〈pT 〉 with multiplicity for
p + p collisions have been parametrized by using the
Eqs. 10, 11, 12 respectively.
Fig. 11 shows variation of CSBM [∼ ( − 3P )/T 4]
(which is a measure of interaction) of pi±, K±, K∗0+K∗0
and p + p with 〈dNch/dη〉. It is observed that by
varying from low to high multiplicity, pi± show slight
decreasing trend while K± upto 〈dNch/dη〉 ≈ 4 in-
creases approximately linearly then remains saturated
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FIG. 9: (Color online) Variation of heat capacity scaled by en-
thalpy density as a function of charged particle multiplicity is
displayed here. The PYTHIA8 simulated result is contrasted
with ALICE data for p+ p collisions at
√
s = 7 TeV.
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FIG. 10: (Color online) Heat capacity scaled by < mini >
as a function of charged particle multiplicity (where, cv =
CV / < mini >, here, < mini > is the mass density of the
hadron in the unit of GeV4. This means cv has a unit GeV
−1
but the ratio plotted along the y-axis is unitless) with ALICE
in p+ p collisions at
√
s = 7 TeV.
for 〈dNch/dη〉 ≈ 4 to 〈dNch/dη〉 ≈ 10 and subsequently
beyond 〈dNch/dη〉 ≥10, the trend begins to decrease.
K∗0 + K∗0 and p + p show an increasing trend in going
from low to high multiplicity but K∗0+K∗0 seems to sat-
urate for 〈dNch/dη〉 ≥ 6. In comparison with PYTHIA8
generated results, we observed that pi± and K± trend
underestimates the ALICE data while to some extent
PYTHIA8 explains K∗0 +K∗0 and p+ p. It is expected
that for a thermalized medium, the contribution of a par-
ticle of particular species to CSBM peaks when the tem-
perature of the system is half of its mass [34]. The value
of T obtained from the present analysis is less than 190
MeV [32]. Therefore, for pions the peak in CSBM can be
achieved as T obtained here is more than the half of its
mass (i.e. T > mpi/2). However, all other hadrons can
not achieve the peak in CSBM as they are heavy and
T < mH/2, where mH is mass of the hadrons heavier
than pion. The larger values of CSBM indicates signif-
icant amount of interactions among hadrons or pressure
is low due to non-relativistic limit.
Fig. 12 shows the variation of c2s of pi
±, K±, K∗0+K∗0
and p+ p as a function of 〈dNch/dη〉. It is observed that
as we move from low to high multiplicity of ALICE data,
the c2s for pi
± remains constant, while c2s for K
± increases
upto 〈dNch/dη〉 ≈ 4 then saturates. c2s for K∗0 + K∗0
and p + p seems to increase with multiplicity. It is also
observed that PYTHIA8 overestimates the ALICE data.
As expected, low mass particles will have higher c2s than
heavier mass particles. The saturated value of c2s be-
yond 〈dNch/dη〉 ≈ (4 − 6) follows the mass ordering.
The result obtained from PYTHIA8 data, however, is
larger than the values obtained from experimental data.
This indicates a possible formation of a thermalized sys-
tem formed in high multiplicity p+p collisions whereas
PYTHIA8 contains no such medium.
Fig. 13 shows 〈pT 〉 of pi±, K±, K∗0 +K∗0 and p+p as
a function of 〈dNch/dη〉 for ALICE data and PYTHIA8
generated results estimated using Eq. 12 with lower limit
of integration varying from 0.17 to 0.22 GeV/c to repro-
duce the 〈pT 〉 reported in Ref. [33] (this limit on integra-
tion is now used for all other calculations on 〈pT 〉, which
have no apparent effect on other observables considered
here). It is observed that 〈pT 〉 of all hadrons tend to
saturate as we move from low to high multiplicity. Satu-
ration seems to set in from 〈dNch/dη〉 ≈ 5 onwards. The
higher are the mass of hadrons, the higher are the values
of 〈pT 〉. This may be indicative of the presence of col-
lectivity in the system through transverse flow as higher
mass hadrons get affected by the flow more (pT ∼ mvT
where m is the mass of the hadrons and vT is the trans-
verse flow velocity).
It is interesting to find that all of the above quanti-
ties for lighter particles show saturation after a particu-
lar 〈dNch/dη〉 ≈ (4-6) in their variation with 〈dNch/dη〉.
This general feature may be the hint of onset of their ran-
domized collective nature. This is more prominent in the
variation of speed of sound and CSBM with multiplicity,
where heavier hadrons shows different trends from that of
lighter hadrons. Moreover, the saturation found here is
vastly different from the saturation of 〈pT 〉 of all charged
particles which occurs at 〈dNch/dη〉 ≈ 20 as in Ref. [18].
This may be due to the inclusion of heavier particles in
calculation of 〈pT 〉 in that work. In fact, in this work, it
is found that heavier particles like proton shows different
nature; for them instead of saturation, quantities consid-
ered here increases monotonically. It is also interesting
to note that, for results generated by PYTHIA8 (which
does not contain medium effect) match well with heavier
particles. It further emboldens the possibility of forma-
tion of strongly correlated but randomized medium, as
this can not be explained by color reconnection (CR) ef-
fect of final state which is included in PYTHIA8. This
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FIG. 11: (Color online) Variation of CSBM with 〈dNch/dη〉
is shown. Solid lines represent results obtained using ALICE
data for p+p collisions at
√
s = 7 TeV. Dashed lines represent
results obtained using PYTHIA8 simulated data for p + p
collisions at
√
s = 7 TeV.
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FIG. 12: (Color online) Speed of sound of the system as a
function of 〈dNch/dη〉. Solid lines represent results obtained
using ALICE data for p+p collisions at
√
s = 7 TeV. Dashed
lines represent results obtained using PYTHIA8 simulated
data for p+ p collisions at
√
s = 7 TeV.
mismatch points out something more than CR effect is
responsible for such saturation, hinting scope of presence
of collectivity in the system from which these particles
originate.
C. Finite system size dependence of heat capacity
In case of RHICE, the thermal nature of produced par-
ticles is extensive type (GB), but for p+p collisions, Tsal-
lis (TB) distribution fits the particle spectra very well.
The appearance of nonextensive statistics in a system
may be for several reasons e.g., finite size effect, long
range interaction or correlation. For this reason, in this
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FIG. 13: (Color online) Mean transverse momentum in GeV
is presented as a function of charged particle multiplicity. Dif-
ferent colours are for different particles. Solid curves are ob-
tained using ALICE data while dashed curves are obtained
using PYTHIA8 simulated data.
work, it is investigated whether finite size effect alone
can explain the values of q-parameter as observed in the
analysis of data from p+p collisions. We incorporate the
finite-size effect by considering a lower momentum cut-
off, pmin = pi/R, in the momentum integration, where,
R is the size of the system [35]. As the collision energy is
same, large multiplicity events are expected to be origi-
nating from larger overlap region in p+ p collisions. We
have considered different radius (R) with each multiplic-
ity. The R dependence of CV , CSBM, cs and < pT >
have been extracted by fitting data from p+p collision at√
s = 7 TeV to TB distribution with T and q as fitting
parameters. The data sets have also been studied by GB
statistics (in the limit q → 1) with the same value of T
obtained from TB statistics, to check whether extensive
TB distribution with finite size effect can account for the
q value extracted by fitting experimental data.
In order to account for the effects of system size, we
have studied variation of heat capacity, heat capacity
scaled by average number of particles and T 3 with finite
system size using Eq. 9. We have adapted the lower limit
of R as 0.1 fm and the upper limit to be 2.5 fm. This is
used to represent the available multiplicity classes such
that the values with q 6= 1 same as that of earlier plots
showing variation with multiplicity. Finite system size is
also reflected through the value of q > 1 as contrast to
q → 1.
Fig. 14 shows CV of pi
±, K±, K∗0 + K∗0 and p + p
obtained by using ALICE data as a function of system
size. It is observed that the CV of pi
±, K± and p + p
increases with system size for q 6= 1. The slope of CV for
pi± is less compared to K± and p + p. In fact, K± and
p+p seem to converge at a common point towards higher
finite system size. Results with (q → 1, corresponding to
Gibbs-Boltzmann (GB) statistics) represented by dashed
10
curves indicate that CV of K
±, p+p are underestimated
by PYTHIA8 unlike pi±.
Fig. 15 shows CV scaled by T
3 for pi±, K±, K∗0+K∗0
and p + p extracted from ALICE data as a function of
system size. It is observed that pi±, K±, K∗0 +K∗0 and
p + p seem to saturate with increasing system size for
both with TB and GB statistics.
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FIG. 14: (Color online) Heat capacity obtained by using BG
and TB distribution as a function of system size. Solid lines
represent results with q 6= 1 and the dashed lines are for q = 1.
These are obtained by using ALICE data for p + p collisions
at
√
s = 7 TeV.
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FIG. 15: (Color online) Heat capacity scaled by T 3 obtained
using BG and TB distribution as a function of system size.
Solid lines represent results with q 6= 1 and the dashed lines
are for q = 1. Results obtained by using ALICE data for p+p
collisions at
√
s = 7 TeV.
D. Finite system size dependence of CSBM, speed
of sound and mean transverse momentum
Fig. 16 shows CSBM of pi±, K± and p + p obtained
from ALICE data as a function of system size. Results
with q 6= 1 represented by solid lines, it is observed that
CSBM of pi± remains almost constant while CSBM ofK±
increases slightly at small R and then reaches a plateau
beyond R = 1.3 fm. But p + p displays an increasing
trend. Results for GB statistics represented by dashed
curves tend to saturate as well.
Fig. 17 shows c2s for pi
±, K±, K∗0 + K∗0 and p + p
extracted from ALICE data as a function of system size.
The c2s shows a plateau as a function of R both for GB
and TB statistics for all the hadronic species.
Fig. 18 shows 〈pT 〉 for pi±, K±, K∗0 + K∗0 and p + p
of ALICE data as a function of system size. For TB
statistics, it is observed that 〈pT 〉 of all hadrons decrease
with system size (faster for pi±) and reaches a plateau
beyond R ∼ 1.4 fm. In GB statistics, pi± and K± show
slow variation.
It is generally observed that the incorporation of fi-
nite size effect in GB statistical approach can not repro-
duce the value of the observables calculated with non-
extensivity parameter (q) extracted from the p + p col-
lisions. This may suggest that the appearance of non-
extensivity in p+ p collisions may not be completely ex-
plained by finite size effect alone, thereby hinting the
presence of other physical effects like long-range correla-
tion that also contributes to the origin of non-extensivity
in systems produced in p+ p collisions.
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FIG. 16: (Color online) CSBM obtained using BG and TB
distribution as a function of system size. Solid lines represent
results with q 6= 1 and the dashed lines are for q = 1. Results
are obtained by using ALICE data for p + p collisions at
√
s
= 7 TeV.
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FIG. 17: (Color online) Squared speed of sound obtained us-
ing BG and TB distribution as a function of system size. Solid
lines represent results with q 6= 1 and the dashed lines are for
q = 1 for ALICE data for p+ p collisions at
√
s = 7 TeV.
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FIG. 18: (Color online) Mean transverse momentum obtained
by using BG and TB distribution as a function of system size.
Solid lines represent results with q 6= 1 and the dashed lines
are for q = 1. Results are obtained by using ALICE data for
p+ p collisions at
√
s = 7 TeV.
E. Energy dependence of CV , CSBM , c
2
s
The collision energy dependence of heat capacity scaled
by average number of particles and T 3 obtained from AL-
ICE p+ p data at different
√
s has been studied by using
the values of T and q extracted from the TB distribution
fit of the pT -spectra [36], where
√
s ranges from 0.0624
TeV to 13 TeV.
Fig. 19 shows CV scaled by the average density of
charged pions (< npi >=< npi+ > + < npi− >) as a
function of
√
s. Here, scaling by < npi > is considered as
production of (pi+ and pi−) is abundant in relativistic col-
lisions. It is observed that CV / < npi > increases sharply
upto
√
s = 1.5 TeV beyond which it increases but very
slowly.
Figs. 20 and 21 show CV / < T
3 > and CSBM respec-
tively of charged particles obtained from ALICE data as
a function of
√
s. Both the quantities tend to saturate
for
√
s > 2 TeV.
Fig. 22 shows c2s of charged particles extracted from
ALICE data as a function of
√
s. We find that speed of
sound seems to decrease with
√
s ≈ 2 TeV. Possibly for
p + p collisions with
√
s ≤ 2 TeV no medium is formed
and hence cs is not well defined. However, for
√
s ≥ 2
TeV the value of c2s obtained here is similar to the value
obtained in hadronic resonance gas model [34].
The general observation in this regard is that the ther-
modynamic quantities considered here show a saturation
starting for
√
s ≥ 2 TeV. The nature of variation beyond√
s ≈ 2 TeV is similar to that found in heavy ion col-
lisions at the chemical-freeze out surface as in Ref. [20].
Therefore, this may be taken as a hint for the formation
of medium similar in kind to that of heavy ion collisions.
Indicating that for
√
s ≥ 2 TeV sufficient number of parti-
cles are produced to form QCD medium. It is interesting
to further note that the average multiplicity for
√
s ≈ 1.5
lies between 3 to 7 as in Ref. [37]. This again puts weight
to the possibility that the saturation effect as observed in
variation of above thermodynamic quantities with mul-
tiplicity is potentially due to formation of a medium in
p + p collisions for multiplicity, 〈dNch/dη〉 ≥ 4 − 6. We
note that for observing saturation effects in PYTHIA8
simulated results (in which CR is thought to be respon-
sible for the saturation), this kind of saturation starts at
〈dNch/dη〉 ≈ 20.
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FIG. 19: (Color online) Heat capacity scaled by average
charged pion density, < npi > in the system as a function
of
√
s for p+ p collisions.
V. SUMMARY
The findings of the present work based on the analy-
sis of data from p+p collision at LHC energies may be
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FIG. 20: (Color online) Heat capacity scaled by T 3 as a func-
tion of collision energy for p+ p collisions..
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FIG. 21: (Color online) CSBM as a function of collision energy
for p+ p collisions..
summarized as follows:
• We have analyzed how a system produced in p+p
collision at relativistic energies evolve toward equi-
librium as the the number of produced particles and
collision energy increases. For the purpose of this
analysis, the thermodynamic quantities like CV , cs
and CSBM have been chosen. CV is one of the most
basic and commonly used response functions of a
thermodynamic system. CV provides the response
of a thermodynamic system put under temperature
stimulus. We observe that CV achieves a plateau
for 〈dNch/dη〉 > (4 − 6). We also note that pio-
nic and kaonic matter have similar value of specific
heat.
• We have also investigated how conformal symme-
try breaking/trace anomaly varies with the degrees
of freedom in an environment of QCD many body
system. Similar to CV , a saturation in CSBM with
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FIG. 22: (Color online) Squared speed of sound as a function
of collision energy for p+ p collisions..
〈dNch/dη〉 is also observed.
• The importance of high multiplicity (〈dNch/dη〉 >
(4 − 6)) for medium formation in small systems
is further endorsed by the observation of similar
kind of saturating behaviour of the thermodynamic
quantities considered here with collision energies.
This suggests that at higher collision energies the
number of sea quarks and gluons within the proton
are large enough to produce QCD medium.
• Comparisons of the results extracted from ALICE
data with the results obtained from PYTHIA8 sim-
ulation have been carried out. It is observed that
PYTHIA8 (devoid of medium) explains scaled CV
for heavy particles approximately well but it can-
not explain the trend of lighter hadrons. This may
be a sign that lower mass particles originate from
a thermalized medium.
• The deviation in the value of q from unity in TB
statistics may indicate the presence of long-range
correlations as well as the finiteness of the sys-
tem. However, it is observed that finite size ef-
fect alone cannot account for the appearance of
q 6= 1 value. This may suggest that the presence
of effects other than finiteness e.g., correlations, in
QCD system play important role for giving rise to
non-extensivity.
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